Abstract In two previous papers we established the structure of the normal closure of a cyclic permutable subgroup A of a finite group, first when A has odd order and second when A has even order, but with an extra hypothesis that was unnecessary in the odd case. Here we describe the most general situation without any restrictions on A.
Introduction and statement of results
Let A be a subgroup of a group G. Then A is said to be permutable (or quasinormal ) if AX = XA for all subgroups X of G. Thus A is permutable precisely when the product AX is a subgroup for each subgroup X of G. Suppose that G is finite and A is a cyclic permutable subgroup.
When A has odd order, then we showed in [3] that [A, G] is abelian and A acts on it by conjugation as a group of power automorphisms. When A has even order, this result is not true in general. But we showed in [4] 
that N = [A, G] has order at most 2 and lies in A, and A acts by conjugation on [A, G]/N as a group of power automorphisms, provided in each product AX, with X cyclic, the Sylow 2-subgroup has a modular subgroup lattice.
(For odd primes p, the Sylow p-subgroups of AX always have a modular subgroup lattice (see [6, Hauptsatz I] In § 2 we deduce Theorems 1.1 and 1.3 from Theorem 1.2. Then we establish several preliminary lemmas for the proof of Theorem 1.2 in § § 3 and 4. We denote by H G and H G , respectively, the normal closure and the core of a subgroup H in a group G. When G is a p-group, for some prime p, then Ω(G) is the subgroup generated by the elements of order p. All other notation is standard.
Preliminary lemmas and proofs of Theorems 1.1 and 1.3
The proof of Theorem 1.3 will follow easily from Theorem 1.2 and one of the most useful results in [4] , which we record again here for convenience. 2.3 in [4] ). Let G = AX be a finite 2-group, where A = a and X = x are cyclic subgroups and A is permutable in G. Then Thus B ( A G ) has all its subgroups normal and by [5] and [1] (see also [9, Theorem 2.3 .12]), B is either abelian or the direct product of a quaternion group of order 8 and an elementary abelian 2-group. In the latter case, B has exponent 4 and so A centralizes B, by Lemma 2.1 (iv). But then A G also centralizes B and B is abelian, a contradiction. Thus B must be abelian and then (iii) follows from [2] .
Lemma 2.1 (see Lemma
Suppose that a conjugates each element of B to its rth power. Let x ∈ B and g ∈ G. In order to prove Theorem 1.1, all we need now is a well-known basic result.
Lemma 2.3 (see Lemma 5.2.11 in [9]). Let A be a cyclic permutable subgroup of a group G. Then every subgroup of A is also permutable in G.
Proof of Theorem 1.1. We have a cyclic permutable subgroup A of a finite group G. By [7] , A is subnormal in G and so 
(i), B Z([A 2 , G]). This proves (v).
Finally, (vi) follows from Theorem 1.3 (iii), observing that A 2 centralizes B.
In the remainder of this section we establish some new and record some old results that will be required for the proof of Theorem 1.2 in § § 3 and 4. The first comes from [4] and is both applicable to, and important in, this more general situation.
Lemma 2.4. Let A be a cyclic permutable subgroup of a finite
This allows us to prove our next result. n−1 and m = n as required.
We recall that permutable subgroups of order 2 are well understood.
Lemma 2.6 (see Theorem 5.2.9 in [9]). Let G be a finite 2-group and let A be a permutable subgroup of order 2. Then [A, G] Z(G).
In the proof of Theorem 1.2 (i) we shall reduce to the case where G is generated by A and at most two other elements. The remaining results in this section examine that situation. They all extend trivially to the case where G has any number of generators. The first has already appeared in [4] .
Lemma 2.7 (see Lemma 3.3 in [4]).
Let A = a be a cyclic permutable subgroup of a finite 2-group G = a, x, y . Then
Corollary 2.8. With the same hypotheses as Lemma 2.7 and for any integer
The proof is straightforward and may be omitted. A complementary result is the following. We need one more preliminary result for the proof of Theorem 1.2.
Lemma 2.9. With the same hypotheses as Lemma 2.7 and for any integer
i 0, we have [A 2 i , G] = [a 2 i , x] [a 2 i , y] [A 2 i , G, G].(2.
Lemma 2.10. With the same hypotheses as Lemma 2.7 and for any integer
Proof . Again we keep the notation of Corollary 2.8 and denote the right-hand side of (2.4) by L. By Lemmas 2.3 and 2.6 we have
Similarly, [b, y, y] ∈ [B 2 , G]. Since A∩[B, G] B 2 , it follows that, modulo L, each of the three factors on the right-hand side of (2.2) is centralized by G. Therefore, [B, G, G] L
by Corollary 2.8, as required.
Proof of Theorem 1.2 (i)
We have a finite 2-group G with a permutable cyclic subgroup A = a and we must show that [A, G, A] = K, say, is normal in G. We begin by reducing to the case where G is generated by A and at most two other elements. 
where
if the theorem is true for A as a permutable subgroup of G i . Then each factor on the right-hand side of (3.2) lies in K and the theorem follows. Therefore, we may assume that (3.1) holds and so G = a, x, y .
Suppose that the theorem is false when (3.1) holds and let G (given by (3.3)) be a counterexample of minimal order. Then K G = 1 and K = 1. We distinguish two cases. Then 1 = [a, x, a] [a, x] by Lemma 2.1 (ii). So To simplify notation, we write A i = A 
ρ , where ρ = 2 t−1 + 1, by Lemma 2.1 (iv). In the same way we see that a either centralizes [
, so also does A G . Therefore, by Lemmas 2.3 and 2.6 we have 
say, by (3.5) . Hence w = [a n−1 , y, x], again by Lemma 2.1 (iii). But by Lemmas 2.3 and 2.6,
Thus w is a non-trivial element in Putting
This completes the proof of Theorem 1.2 (i).
Proof of Theorem 1.2 (ii)
Here A = a is a cyclic permutable subgroup of a finite 2-group G and we must show that 
